A PROOF OF THE £-ADIC VERSION OF THE INTEGRAL 
IDENTITY CONJECTURE FOR POLYNOMIALS 



LE QUY THUONG 



Abstract. It is well known that the integral identity conjecture is of prime 
importance in Kontsevich-Soibelman's theory of motivic Donaldson-Thomas 
invariants for non-commutative Calabi-Yau threfolds. In this article we con- 
sider its numerical version and make it a complete demonstration in the case 
where the potential is a polynomial and the ground field is algebraically closed. 
The foundamental tool is the Berkovich spaces whose crucial point is how to 
use the comparison theorem for nearby cycles as well as the Kiinneth isomor- 
phism for cohomology with compact support. 



1. Introduction 

Let us start by outlining due to [13] on the concept of motivic Donaldson- Thomas 
invariants that concern the integral identity conjecture. These invariants is in- 
troduced in Q2] in the framework for Calabi-Yau threfolds and the motivic Hall 
algebra. The latter generates the derived Hall algebra of Toen [18] . 

Let C be an ind-constructible triangulated Aoo-category over a field k. By giving 
a constructible stability condition on C one considers a collection of full subcatgories 
Cy C C, with V strict sectors in K 2 . The stability condition depends on homomor- 
phisms cl : Kq(C) — > T and Z : T — > C, where T is a free abelian group endowed 
with a skew-symmetric integer- valued bilinear form (, }. A choice of V gives rise to 
a cone C(V, Z) contained in T (g> K to which one associates a complete motivic Hall 
algebra H(Cv)- Define Ay a11 invertible in H(Cy) as characteristic functions of the 
stacks of objects of Cy. The generic elements satisfy the Factorization Property 

a Hall _ a Hall a Hall 

with V = Vi U V-x and the decomposition taken clockwisely. 

If the field k has characteristic zero, motivic quantum torus JZc is defined to be 
an associative algebra generated by symbols e 7 , for 7 in T, with the usual relations 

^71672 = ["^/J^ 7l ' 72 ^7 1 +7 2 , eo = 1, 

where [A*] 2 is the square root of [A*]. The coefficient ring Co for the quantum 
torus IZc can be any commutative ring, where the two most important candidates 
should be a certain localization of the Grothcndicck ring of algebraic K-varieties 
and its ^-adic version. 

By choosing in addition the so-called orientation data (its existence depends on 
another conjecture) and using Denef-Loeser's theory of motivic Milnor fiber (e.g. 
the motivic Thom-Sebastiani theorem) of the potential of an object of the category 
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C, by [12l Sec. 6], there is a map <£>y : H(Cv) — > Tlc v for each V, which is nice 
enough in the sense that if it was a homomorphism the Factorization Property 
would be preserved. This is in fact obstructed because of the lack of an assertion 
of the integral identity. In the case where the above Co is a certain localization of 
the ring 3Vt£, one faces to the full version of the integral identity conjecture. If well 
passed, ^4™°' := <I>y(Ay a11 ) would be invariants in the category of non-commutative 
Calabi-Yau threfolds, namely motivic Donaldson-Thomas invariants. Also, if Cq is 
a variant of the Grothendieck ring K (D^ ODStr aut (Spec(n),Q£)), one meets the t- 
adic version of the conjecture, and in this case, the corresponding invariants are 
numerical Donaldson- Thomas invariants. 

In the context of non-archimedean complete discretely valued fields K of equal 
characteristic zero, with valuation ring R and residue field k, Kontsevich-Soibelman 
define in [12] the motivic Milnor fiber <Sf jX of a formal function f : X — > Spf(i?) at 
a closed point x of the reduction Xo- To do this, they use Denef-Loeser's formula 
on the motivic nearby cycle of a regular function (cf. [3 [8]) as well as the fact 
that resolution of singularities of (X, Xo) exists (see Temkin [16]). Let J u be the 
forgetful morphism for IX a subvariety of Xo. 

Conjecture 1.1 (Integral identity [12] ) . Let f be in k[[x, y, z]] invariant by the k x - 
action of weight (1, —1, 0) with /(0, 0, 0) = 0. Denote by X the formal neighborhood 
of A^ 1 in AJ? whose structural morphism f is induced by f(x,y,z). Denote by 3 
the formal neighborhood of in A* 3 whose structural morphism f$ is induced by 
/(0,0, z). Then, the identity J xeA di Sf x — [A*] dl «S^ holds in M£. 

Notice that we proved in [14] the regular version for a composition with a poly- 
nomial in two variables and for a function of Steenbrink type. The purpose of the 
present article is to show that the -^-adic version of the integral identity conjecture 
holds if the series / is a polynomial and the ground field k is an algebraically closed 
field of characteristic zero. Let Rip denote the nearby cycles functor. This functor 
was defined earlier in [3l H] and it will be recalled here in Subsection 12.51 

Theorem 1.2. Let k be an algebraically closed field. If f is in n[x,y,z] invariant 
by the k x -action of weight (1,-1,0) with /(0,0, 0) = 0, there is a canonical quasi- 

isomorphism of complexes: RT c (Af}, E^/Q^i) ^ iJr c (A^, Qe) ®(Rip 1 Qi) . 

As an approach, we follow Kontsevich-Soibelman's idea in [T^l Prop. 9] using 
Berkovich spaces. The fundamental tools are the comparison theorem for nearby 
cycles and the Kunneth isomorphism for etale cohomology with compact support. 

The result in this article is part of the author's thesis. He thanks his advisor 
Frangois Loeser for such an interesting subject as well as many valuable suggestions 
and much patience. He thanks Vladimir Berkovich and Antoine Ducros for their 
answers to questions on Berkovich spaces. Especially, Ducros read carefully the 
earlier drafts of the manuscript and pointed out a serious mistake, so that the 
author can introduce this complete version. 

2. Preliminaries on the Berkovich spaces 

2.1. Notation. Let if be a non-archimedean complete discretely valued field K of 
equal characteristics zero, with valuation ring R, maximal ideal m and residue field 
k = R/xn. 
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Let AjSj- Ber be the n-dimensional A-analytic affine space, which is by definition 
the set M{K\T\, . . . , T n }) of all multiplicative seminorms on the ring of polynomials 
K\T\, . . . , T n ] whose restriction to K is bounded (see [Tj). We define a norm on K 
by |£| := c val ^ with c G (0, 1) fixed, and a norm on A^- Bcr by \x\ := maxi<j<„ \x,i\ 
for x — (xi, . .. ,x n ). The subspace of A^- Ber defined by \x\ < 1 is called the n- 
dimensional unit closed disc and denoted by E n (Q; 1), while the corresponding open 
one is written as D n (0; 1) 

2.2. From special formal schemes to analytic spaces. Let us remark that the 
main result of this article will only concern formal i?-schemes topologically of finite 
type. It is however better to recall some preliminaries on the Berkovich spaces in a 
larger category that consists of special formal i?-schemes. 

A topological i?-algebra A is said to be special if A is a Noetherian adic ring 
such that, if J is an ideal of definition of A, the quotient rings A/J n , n > 1, 
are finitely generated over R. By [4], a topological i?-algebra A is special if 
and only if it is topologically i?-isomorphic to a quotient of the special i?-algebra 
i?{Ti, . . . , T Tl }[[S'i, . . . , S m ]\. An adic i?-algebra A is topologically finitely generated 
over R if it is topologically i?-isomorphic to a quotient algebra of the algebra of re- 
stricted power series R{T±, . . . , T n }. Evidently, any topologically finitely generated 
i?-algebra is a special i?-algebra. 

A formal i?-scheme X is said to be special if X is a separated Noetherian adic 
formal scheme and if it is a finite union of affine formal schemes of the form Spf(^l) 
with A a special i?-algebras. A formal i?-scheme X is topologically of finite type 
if it is a finite union of affine formal schemes of the form Spf(_4) with A topo- 
logically finitely generated i?-algebras. It is a fact that the category of separated 
topologically of finite type formal i?-schemes is a full subcategory of the category 
of i?-special formal schemes, and both admit fiber products. 

A morphism if : 2) — > X of special formal schemes is of locally finite type if locally 
it is isomorphic to a morphism of the form Spf(S) — > Spf(,4) with B topologically 
finitely generated over A. The morphism ip is of finite type if it is a quasicompact 
morphism of locally finite type. 

Due to [4], there is a canonical functor X h4 X v from the category of special 
formal i?-schemes to that of (Berkovich) AT-analytic spaces. In the affine case, the 
interpretation of this functor is explicit. Namely, if 

X = Spf( J R{T 1 , . . . , T n }[[Si, . . • , 5 m ]]) , 

one has 

X„ = E n (0; 1) x D m (0; 1). 

Also, if X — Spf(^l), where A is a quotient of R{Ti, . . . , Tnj^Si, . . . , S m ]\ by an 
ideal I, then X,, is the closed A-analytic subspace of X = E n (0;l) x D m (0;l) 
defined by the subsheaf of ideals 10 x- 

Generally, X, ; is defined by glueing in an appropriate manner of analytic spaces 
corresponding to affine formal schemes which covers X (see [4]). 

Remark 2.1. (i) The functor X <-> X^ takes a formal scheme topologically of finite 
type to a paracompact analytic space, and this functor commutes with fiber products. 
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(ii) The functor X M- X^ takes a morphism of finite type ip : 2J — > X to a compact 
morphism of K- analytic spaces tp^ : 2)^ — » X^. // </? is finite (resp. flat finite), so 
is tp v . 

2.3. The reduction map. For a special formal i?-schcme X, we denote by Xo the 
closed subscheme of X defined by the largest ideal of definition of X. Note that Xo 
is a reduced Noetherian scheme, that the correspondence X h-> Xo is functorial, and 
that the natural closed immersion Xo — > X is a homeomorphism. Moreover, the 
reduction Xo is also a separated K-schcmc of finite type. 

We now recall the construction of the reduction map in the affine case, that is 
for X = Spf(.A) with A being an adic special i?-algebra. Notice that Berkovich 
did this work in [3j [4] for any special formal i?-scheme. The construction of the 
reduction map ir : X v — > Xo for X = Spf(^4) runs as follows. Remark that each 
point x of X^ defines a continuous character \x '■ A — > 3~C(x). In its turn, Xx defines 

a character \ x : Aq = A/ J — > Oi(x), where J is the largest ideal of definition of 
A. Then we assign it(x) to the kernel of Xx, which is a prime ideal of Aq. This 
definition guarantees the compatibility of the reduction map with open immersion 
in the following meaning. If 2) is an open formal scheme of X, then the reduction 
maps for X and 2) are compatible and 2)^ = 7r -1 (2)o)- 

2.4. Etale cohomology of analytic spaces. The theory of etale cohomology for 
Berkovich spaces (also called non-archimedean analytic spaces) is sharply developed 
in the long article [J. Note that the groups H*(Y,Zi) and H*(Y,Qt) in the sense 
of derived functors are irrelevant, i.e. roughly speaking, they do not satisfy some 
"nice" properties which a cohomology theory should have. Grothendieck however 
pointed out that the following groups are relevant 

projlimir(Y",Z/rZ) and (proj lim H* (Y, Z/£ n Z)) ® z< , Q £ . 

Thus from now on, we shall only consider these groups and denote them by H* (Y, Z^) 
and H*(Y, Qe), respectively (cf. [9], [15]). The same also holds for cohomology with 
compact support (cf. [9], [II]). Namely, 

H* C {Y,-L t ) := (projlimif*(F,Z/rZ)), 
H*{Y,Q t ) := (projlimif*(F,Z/rZ)) Q e . 

Let K s be the completion of a separable closure of K. For a X-analytic space 
X, there is a canonical morphism b : X := X®kK s — > X. Now fix such an X and 
consider all the subspaces of its. If Y is an analytic subspace of the X, denote by Y 
or by Y®kK s the preimage of Y in X under b. The following are two of properties 
of the functor Y ^ H*(Y,Qi) according to Prop. 5.2.6, Cor. 7.7.3]. 

Proposition 2.2 (Berkovich [5]). Let Y , Y' be locally closed analytic subspaces of 
a given K-analytic space X. 

(i) // U is an open subspace of Y , V := Y \ U , there is an exact sequence 

• . • -> H™(V, Qt) -> Hl n+1 (U, Qt) -> Hl n+1 (Y, Q e ) -> H^iV, Q e ) -> • • • . 

(ii) There is a canonical Kiinneth isomorphism of complexes 



RT C (Y, Qt) ® KT C (Y', Q e ) S RT C (Y x Y\ Q e ). 
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2.5. The nearby cycles functor. A morphism <p : 2) — > X of special formal R- 
schcmes is called Stale if for any ideal of definition J of X the morphism of schemes 
(2), Otg/J^Oig) — > (X, 0%/ J) is etale. The reduction Xo being the closed subscheme 
of X defined by the largest ideal of definition of X, thus if the morphism <p : 2) — >• X 
is etale, the induced morphism ipo : 2Jo — * 3^0 is etale. 

By [2], a morphism of if-analytic spaces ip : Y — > X is e'tafe if for each point 
y G Y there exist open neighborhoods V of y and [/ of such that ip induces a 
finite etale morphism ip : V — > J7. By a finite etale morphism (/? : V — > J7 one means 
that for each affinoid domain W = Ad (A) in U, the preimage ip^lW) — A4(B) is 
an affinoid domain and B is a finite etale „4-algebra. A morphism of if-analytic 
spaces (p : Y — > X is called quasi- etale if for any point y € Y there exist affinoid 
domains V\ , . . . , V n C Y such that Vi U • • • U V n is a neighborhood of y and each V; 
may be identified with an affinoid domain in a if-affinoid space etale over X. By 
definition, etale morphisms are also quasi-etale. 

Lemma 2.3 (Berkovich [4], Prop. 2.1). Assume that ip : 2) — >• X is an etale 
morphism of special formal R-schemes. Then the following hold: 

(i) iprj^fQj]) — 7r _1 ((y9o(?)o)); consequently <Pri{%)ri) is a closed analytic domain 

(ii) The induced morphism 2)^ — > X^ of K- analytic spaces is quasi-etale. 

For a if- analytic space X, let A q 6t denote the quasi-etale site of X as in [3] . The 
quasi-etale topology on X is the Grothendieck topology on the category of quasi- 
etale morphisms U — > X generated by the pretopology for which the set of coverings 
of (U — > X) is formed by the families {/$ : Ui — > U}i e i such that each point of U 
has a neighborhood of the form fi x (Vi) U ■ ■ • U fi n (V n ) for some affinoid domains 
V\ C Ui i: . . . , V n C Ui n . There is a morphism of sites fi : X^t — > X^t- Denote by 
Xqet * ne category of sheaves of sets on X q ct ■ The functor fi* : X^ —> X~ 6t is a fully 
faithful functor (cf. [3]). 

Let X be a special formal i?-scheme. By [3j, the correspondence 2J i-> 2)o induces 
an equivalence between the category of formal schemes etale over X and the category 
of schemes etale over Xo- We fix the functor 2)o l— ^ 2J which is inverse to the previous 
correspondence 2J \-> 2Jo- The composition of the functor 2)o ^ 2J with the functor 
2J I— > 2J^ induces a morphism of sites v : X^t — > Xodt- By [4], this construction 
also holds over a separable closure if s of K, therefore we shall also denote by v 
the corresponding morphism of sites Xwqet — ► 3%£f w here X-^- := X^kK 11 and 

Xq - . — Xo k At . 

Now consider the composition of the functors /x* : X^ 6t — > X2Ls t and i/* : X^ t — > 
X^ 6t , namely z/*/x* : X^ 6t — > X^. This resulting functor composing with the 
pullback (or inverse image) functor of the canonical morphism Xjf — > %n yields a 
functor ip : X~ 6t — > X^ t , which is called the nearby cycles functor (see [3j[4]). It is a 
left exact functor, thus we can involve right derived functors R l ip : S(X V ) —> S(Xq) 
and Rip : D + (X r) ) —> D + (Xg), the latter is exact while the others are right exact 
functors. If necessary, we can write R I ipf and Ripf labeling f the structural morphism 
of X. 

Lemma 2.4 (Berkovich [3], Cor. 2.3). Let ip : 2) — » X be an etale morphism 
of special formal R-schemes and F in S(X n ). Then for any m > we have 

(ir^F)| % -i? m ^l?0- 
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2.6. The comparison theorem for nearby cycles. By [H Thm 3.1], the com- 
parison theorem for nearby cycles functor working on a henselian ring R. Let £ be 
a scheme locally of finite type over R with the structural morphism /; and let £o be 
the zero locus of /, which is a K-scheme. Then £o = £o, where the scheme on the 
right is the reduction of the completion £ of the scheme £. For a subscheme y C £o, 
let £«j denote the formal m-adic completion of £ along y. A result of [I] shows 
that there is a canonical isomorphism of if-analytic spaces (£/y)jj — 7r _1 (y), where 
7r is the reduction map £ r; — > £o- For a sheaf T € £^ t , with E v := £ ®ij K, let Jyy 
denote the pullback of T on (£/y) v - The nearby cycles functor for £, for £ and for 
(£/y)?j will be denoted by the same symbol ip. If y is an (ordinary) K-scheme, we 
define y := y ® K k s . 

Theorem 2.5 (Berkovich [4], Thm. 3.1). Let T be an etale abelian constructible 
sheaf on £, ; . For i > 0, there is a canonical isomorphism (i? l- 0J-")|-g- = R l ip(J 7 /y). 

The previous theorem is widely known as the Berkovich's comparison theorem 
for nearby cycles, while the full version is in fact stated for both nearby cycles 
functor and vanishing cycles functor and it is motivated by a conjecture of Dclignc. 
Part of the conjecture claims that the restrictions of the vanishing cycles sheaves of 
a scheme £ of finite type over a henselian discrete valuation ring to the subscheme 
y C £o depend only on the formal m-adic completion E/y of £ along y, and that the 
automorphism group of £ /y acts on them. By proving this comparison theorem, 
Berkovich 4 provided the positive answer to Deligne's conjecture. 

The following corollary runs over any complete discretely valued field. 

Corollary 2.6 (Berkovich [3], Cor. 3.6). Let § be an R-scheme of locally finite 
type, X a special formal S-scheme which is locally isomorphic to the formal m-adic 
completion of a S-scheme of finite type along a subscheme of its reduction, F an 
etale sheaf on £„ locally in the etale topology of X isomorphic to the pullback of 
a constructible sheaf on § v . Then Rip(F) is constructible and, for any subscheme 
y C Xq, there is a canonical isomorphism of complexes 

i?r(y, (RipF)\y) ^ Rr^FHyj, f). 

If, in addition, the closure of y in Xo is proper, there is a canonical isomorphism 

i?r c (y, (i^)ly) ^ R^^T^i^F). 

3. The polynomial / and comparisons 

From this section, the condition that k is an algebraically closed field will be 
used because of applying Berkovich's comparison theorem for nearby cycles. Also, 
R and K will stand for /c[[t]] and /«((*)), respectively. 

3.1. Resetting the data. Let f(x,y,z) be in k[x, y, z] such that /(0,0,0) = 
and f(rx, r~ 1 y, z) — f{x, y, z) for r G k x . Let us consider the following i?-schemes 
with the structural morphisms 

£ := Spec(i?[x, y, z]/(f(x, y, z) - t)) -> Spec(i?), 

' ' 1 W := Spcc(i?[z]/(/(0, 0, z) - t)) -> Spec(i?) 
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given by t — f(x,y,z), t = /(0,0, z), respectively. Note that AJ? 1 is a closed 
subvariety of K-variety £ = / _1 (0). We have identities X = £/ A *i and 3 = W/ , 
where the formal schemes on the left hand sides were already defined in first section. 
Consider the reduction maps ir : X, ; — > Xo and 7Tw : ~5 n — > 3o- 

3.2. Applying the comparison theorem. Let f be the homogenization of /, 
i.e. f (x, y, z, £) is homogeneous in d + 1 variables with f(x, y, z, 1) = f(x, y, z) and 
deg(f) = deg(/) = n. Note that the iZ-scheme 

E := Proj (R[x, y, z, £}/(f(x, y, z, Q - t^)) 

is locally of finite type. Let us consider the i-adic completion E, which is a formal 
i?-scheme canonically glued from the following affine formal i?-schemes 

i = 1,. . .,di, 

j = 1, . . . ,d 2 , 

l = l,...,d 3 , 

Spf^^ |, |}/(/(|, |, |) - t)) = 5. 

The reduction Eo = Eo is the hypersurface {f = 0} in the projective space P|J, it 
admits the inclusions AJ? 1 C £o C Eo. 

Let A^ 1 be the closure of A^? 1 in Eo. By construction, the embedding of £ in E 
is an open immersion of formal i?,-schcmcs (thus it is an etale morphism). By [10, 
Cor. 10.9.9], the formal i?-scheme X — £ / A <*i can be identified to the fiber product 

of £ — > E and X := E — > E. Since etale morphisms are preserved under base 
change, the induced morphism X — > X is also etale (it is even an open immersion). 
Denote by f the structural morphism of X, which is induced by f . We shall use the 
following notation 

★ i : Xjj —s- X^ is the embedding of analytic spaces, 

7k- j : Xo -> X , k : X \ Xo -> X , u : A^ 1 — > Xo and v : A^ 1 — > X are the 
embeddings of K-schemes (note that v — j o u). 

Let F denote the constant sheaf (Z/£"Z)x_ in S(X^), n > 1. By Lemma |2~H for 
any m > 0, we have j* R m i>${i\F) ^ R m ipjF, hence R m ip ? (i l F) ^ j\R m ipjF. 
In the latter isomorphism, the complex on the right hand side can be fitted in the 
exact triangle 

j\R m ipfF -> R m i^(hF) -> k tf k*R m "^{i\F) -4 . 
The functor v* being exact, we have the following exact triangle 
(3) -> u*R m i\)jF -> v*R m ^{i,F) -> v*Kk*R m t^(hF) -¥ . 

Observe that the support of the functor v* is AJ? 1 , which is a subset of Xo, while 
that of is Xo\Xo, and the two subsets A^ 1 and Xo\Xo are disjoint in Xo. This 
means v* k*k* R m ^(i\F) = 0, and one deduces that R m ij)?F\ k d 1 = R m ipf (iiF)]^ . 



S p{ (R{^y-±^}/(f^AAA)-t^) 

\ Xi Xi Xi Xi. Xi Xi Xi Xi Xi 



(2) 



spf( fl{ £., »,£,!}/(,(£., JL,£,l)_ t (l 

V Vj Vj Vj Vj Vj Vj Vj Vj Vj 

svt(R{^,iLAA}/(f(*AAA)-t(l) 

V zi zi zt zi zi zi zi zi zi 
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The latter leads us to a quasi-isomorphism of complexes 

(4) i?r c (A^,i?^F| A , 1 ) ^RT c {Ai\R^F)\ Ail ). 

Now apply Corollary 12.61 to the nearby cycles functor Rif^. For such an f, the 
assumptions of that corollary are satisfied: the scheme E is of finite type over R 
and the closure of A^ 1 in X is proper as X is. Let tt denote the reduction map 
X,, — »■ Xq. One then deduces from Corollary 12.61 that 

(5) Rr c (Ai\R^F)\ Ail )^ RT—^(X w ,t,F). 

3.3. Shrinking analytic domains. Let us consider RT __ 1 dl (Xj), i\F) as in 

We remark that the analytic space X^ is the glueing of A := together with other 
analytic spaces which correspond to the formal schemes in ([2]), each of which is a 
closed analytic domain in X^ (Lemma I2.3[) . Similarly, 7r _1 (A« 1 ) is the glueing of 



*7 

X := 7t _1 (Ak 1 ) together with others in the same way. Define P := Xjf\ A and 

^7 



T:=X ?f \^- 1 (A^). 



Lemma 3.1. We have a quasi-isomorphism of complexes as follows 
(6) RT—^iX^z^^RTxiA^F). 

Proof. Let i a be the embedding of an JT s -analytic space a in X^, i Q]| g the embedding 
of a in f3 (thus = i), and B := A\ X. Now both sides of (|6]) can be rewritten as 
follows 

RT—-j-(X Jr ,i l F) ^ R%,Cone(MF -> i T *i* T i\F), 

i?F x (A, F) ^ Rfa.Cow(F -> Ib.a^^F). 

Note that the embeddings ip : P ^ Xff and i : A X^ altogether give rise to 
an exact triangle of complexes on X^: 

— > ip\ipCone(i\F — > vr^i^phF) — > Cone(iiF — > ir^i^hF) 

— — > i*i*Cone(zii 7 ' — > it*^*!^) — * • 

The supports of zp and ij are disjoint, hence /i is a quasi-isomorphism. Rewrite 
h in the form h : Cone(i\F — > ix*i^i\F) — > Cone(i*F —> is*i*B a^)- The identity 
i B = i o ig a implies the following isomorphisms of complexes 

Cone(i*F — i i B*i*B ,A-^) — Cone(z*F — )• i*iB,A*i*B.AF) 
= i»Cone(F -> ip^is^F). 

We claim that Rf^i* — Rfrj*- Indeed, one deduces from [2] Cor. 5.2.4] and 
f^o i = that Rt^Ri* = Rf v *- That = ii is as A is closed in X^ (cf. Lemma 
12. 3|) . while ij is exact since the stalk (i\F) y is equal to F y if y 6 A, and zero 
otherwise, thus = i*. Finally, taking the exact functor Rfjj* to the quasi- 
isomorphism h yields a quasi-isomorphism of complexes 

i?%»Cone(iii ;i — > ir*iyiiF) ^> i?/^*Cone(F — > a-^)j 
This proves the lemma. □ 
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3.4. Description of A, X and D. We notice that from now on we shall abuse 
the notation x, y, z, and others, i.e. we shall use them parallelly with two different 
senses. Just before (x, y, z) stands for a system of coordinates in A d (d = d\ + d-i + 
c/3), in what follow it will also denote the corresponding system of coordinates on 
the analytification A^, n . Similarly, if r is an element in the group scheme G m>K , 
we also write r for the corresponding element in K , . 

Lemma 3.2. With f as in Theorem ll.SSi the analytic space A — Xjf is the inductive 
limit of the compact domains 

A 1 . e := {(x, y, z) G A d ~^ Ber : \x\ < 7- 1 , \y\ < 7 e, \z\ < e, f(x, y, z) = t} 

with 7, e running over the value group \ (K s )* \ of the absolute value on K s such that 
7, e G (0, 1) and 7 , e — > 1. In the same way, X = 7t _1 (Ak 1 ) is the inductive limit of 

■= {(x, y, z) G Aij Ser : |x| < 7" 1 , \y\ < je, \z\ < e, f(x, y, z) = t}. 

Proof. For each 7 G |(if s )*|, choose an element r 7 in G mjK such that its correspond- 
ing element r 7 in G™ K takes absolute value 7. Since /(t 7 x, r" 1 ?/, z) = f{x,y,z), 
the following special i?-algebras are isomorphic 

R{t 7 x, T~ Y y, z}/ (f(x, y, z)-t) = R{x, y, z}/ (f(x, y, z)-t). 

Setting 

A " -{\ Svi {f{x,y,z)-t)),^)_' 

it is clear that 

A., = {(x,y,z) G A^ Bcr : |r 7 x| < 1, \t~ 1 y\ < l,\z\ < 1, f(x, y, z) = t} 
= {(x, y, z) G Al^ Bcr : |a;| < 7- 1 , \y\ < 7, \z\ < l,f(x, y, z) = t} 

and that all the spaces ^4 7 's, with 7 G |(if s )*|, are analytically isomorphic. The 
latter implies an analytic isomorphism between any pair (A 1 ,A~ j i) with 7, 7' in 
|(-ftT s )*|, and thus one can establish an inductive system 

{{A 7 },{A 7 ^A Y } 1<Y : 7 , 7 'G |(XT|n(0,l)}. 

Then A is exactly the inductive limit of this system {A^} when 7 -> 1. On the 
other hand, the space {y : \y\ < 7} is covered by the compact domains {z : \z\ < je} 
and the space {z : \z\ < 1} is covered by the compact domains {z : \z\ < e} with 
e G I (if)* I and < e < 1. Therefore A can be viewed as the inductive limit of 
A 1 ,/s as above with 7, e G |(if s )*| n (0, 1) and 7, e — >■ 1. 

The inductive system of X^'s whose limit describes X is defined by X 7 , e :~ 
A 7ie H X , transition morphisms induce from those in the system of A 7je 's. □ 

We also remark that D := tt^(0) is an open and locally compact analytic space, 
it can be covered by the following compact domains 

D t :={2GA|L )Ber : \z\ < e, /(0, 0, z) = t}, e G \(K S )*\ n (0, 1). 

Corollary 3.3. Keeping the assumption of Theorem ] 1 . £1 and fixing 076 K-ftT*)*!!"! 
(0, 1), we have 
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(i) RY c {k d t },R^jF\ Kdl ) ^ RT Xy (A y ,F°), F° the pullback of F e S(A) via 

(ii) (%G)o ^ HT(AG|j3), /or G G 8(3*). 

Proof. By the description of A and X, there are isomorphisms of analytic spaces 
A 1 = A and X 1 = X for a fixed 7 in |(A S )*| n (0, 1). These together with gj, © 
and Lemma [33] imply (i). Also, (ii) follows from Corollary 12.61 □ 

Corollary 3.4. Keeping the assumption of Theorem ] 1 . 2\ and fixing 076 | (Ji' s )* | H 
(0, 1), we have 

(1) RT c {k d K \R^^\ Ail ) q ™ RT x , t {A^ Q e ), 
(ii) (R4> h Qe) ^RT(D,Qi). 

4. Proof of Theorem 11.21 

4.1. Using comparison theorem. By Corollarv l3.41 there is a quasi- isomorphism 
of complexes 

(7) RTM^ItyjQtljft) ^ Rr x ^A 7 ,Q e ), 

where 7 is fixed in |(A S )* n (0, 1), A 1 is the analytic subspace of given by 

|x| < 7 _1 , \y\ < 7, \z\ < 1 and f(x,y,z) = t, and X 7 is defined as A 1 but with 
\x\ < 7 _1 in stead of |x| < 7" . The space A 1 is a paracompact A s -analytic space 
which is a union of the following increasing sequence of compact domains 

A T , e := {(x, y, z) e A'L^ : |x| < 7~\ |v| < 7^ |*| < e, 2/, 2) = i}, 

for e £ |(A" S )*| (~1 (0, 1). The space X 1 is covered by the corresponding increasing 
sequence 

X 7 ,e = {(x, y, z) g A^j Bcr : \x\ < 7 "\ \y\ < 7 e, \z\ < e, /(x, y, z) = t}. 

Denote B 7 := A 1 \ X 1 and A 7i£ := A 1:<L \ Xy e . 

Let us consider p := : A 7 = A — > .M(A S ) and / 7,£ , the restriction of / 7 to 
yl 7:£ . 

Lemma 4.1. For any m > 1 and A € S(A~), i/iere is a canonical isomorphism of 
groups 

H™ (A, p F) - proj lim A™ . (A,,,, A). 

Proof. The functors A^ (Ay, — ) are the derived functors of the global section func- 
tor Hx (Ay, -) defined by 

H Xi (A^F) = ker(A(A y ) -> A(A 7 )), 

the kernel of the restriction homomorphism F(A 1 ) — > A(A 7 ). Note that if J is 
an injective abelian sheaf then the pullback of J on A 7 is acyclic and the homo- 
morphism J(A 7 ) — > J(A 7 ) is surjective. Take an injective resolution of A, namely 
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0— >F— >J°— ^J 1 — > ■ ■ ■ , and consider the following commutative diagram 

d 2 



— > ker(ao) 



ker(ai 



-> ker(a2) 



d" d 1 . <ft 







J°(£ 7 ) — ^ J 1 (B 7 ) — ^ J 2 (£ 7 ) 



Then we have 

H^{A 7 ,F) = ker (i? m (^ 7 ,F) -> H m (Bj,F)) S ker(d m )/im(cf n - 1 ). 

Analogously, we consider the surjections, say, a mi£ : J m (A 7 ^ £ ) — > J m (£? 7ie ). 
There is a commutative diagram as follows, in which every vertical arrow is surjec- 
tive, 



— > ker(ao) 



ker(ao,, 



-)• ker(ai) 



-> ker(a2) 



-5- ker(«i 



-> ker(a 2 ,e) 



Here ff^ (A 7 . e ,F) = ker(d™)/im(d™ _1 ). Then we can use the arguments of [2J 
Lemma 6.3.12] to complete the proof. Note that in this situation the following 
condition is satisfied: For any < e < 1, for any e < e',e" < 1, the image of 
H™~\ (A Jte -,F) and that of H™~\ (Ay, e »,F) coincide in H%~*(A Jte , F) under the 
restriction homomorphisms (see jSJ Lemma 7.4] for a similar argument). □ 

Here is an important corollary of (J7J and Lemma 14.11 
Corollary 4.2. There is a canonical quasi-isomorphism of complexes 

RT c (A d K > , Rif>fQt\ Adl ) q 4 proj limM^ e (A^, <&). 

Proof. We deduce from ((7|) and properties of the mapping cone functor that 

RT c (Af} , R>l>fh\t£ ) ^ RT X ^ (A, n Q e ) 

S i?/7Cone(Q, -> ta^i^O*) 
Cone(i?/7Q* -> R(r\ B ,,)*Qi). 
By the universality of the projective limit, there are canonical morphisms 

RflQt^proi]imRf?< e Q e , 



R(P\b,,)*Qi -> proj limi?(r^| ST 
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Here, the latter is induced from the former by restriction. Thus there is a canonical 
morphism of complexes 

iffcCA^itysQiLdO -> Cone(projlimi?/^ £ Q £ ^ proj Umi?(.PV J*( 

S proj^hmCone(i?/:' £ Q, ->■ fl(/^ e |s T , 

= proj limi?rx 7 e (A 7 , e , Q^). 

This morphism of complexes in fact induces the cohomological isomorphisms in 
Lemma 14.11 □ 

The second part of Corollary 13.41 asserts that 

(8) (W r3 Qt)o ^RT{D,Qi). 

The space D is open and locally compact, which is covered by the compact domains 
D e = {z G A£j iBer : |z| < e,/(0,0,2) = t}, for e G |(X S )*| n (0,1). By Lem. 
6.3.12], there is a canonical isomorphism of cohomology groups 

H m (D,Q e ) = W ojlimH m (D e ,Q e ) 
e-yl 

for any m > 0. Thus by the same arguments as in the proof of Corollary 14. 2 1 one 
deduces from (JS| that 

(9) WfQ«)o ^ projIimflT(D e ,Q<). 
(Compare this with [5J Lem. 7.4].) 

4.2. Using Kiinneth isomorphism. We now use the Kiinneth isomorphism for 
cohomology with compact support mentioned in Proposition 12.21 (iii) . To begin, 
we write Ay je as a disjoint union A^ <e = A® U Az e of analytic spaces 

A° e := {(x,y,z) G A 7>e : \x\\y\ = 0}, 

:={(x,y,z) G A 7 , £ : \x\\y\ ^ 0}. 

Similarly, one can write -X~ e as a disjoint union of analytic spaces 

X° <£ := {(x,y,z) G X 7 , e : |a;||y| =0}, 

X 7i£ :={(x,2/,z) eX 7 , ( : |a%| ^ 0}. 

Observe that we can write X° e as the product Y 7 ° e x D e with D e as in Subsection 
and Y° := {{x,y) G k%+% : \x\\y\ = 0, |z| < 7~\ \y\ < 7 e}. By the 



compactness of A® e) D e , and by the Kiinneth isomorphism, we have 

i?P x o_ e (A 7 e ,Q,) <* flr c (X° e ,Q^) ^ i?r c (y" 7 e ,Q f ) ® RT c (D e ,Q t ) 

(io) ^i?r c (y 7 £ ,Q,)®i?p(A,Q £ ). 

Decompose Y 7 ° e into a disjoint union of := {(x,0) G ^^~ + g 2 : M < 
and y 7 °; e 2 := {(0,y) G A^^ : < \y\ < 1 e\. 

Lemma 4.3. (i) HT C (A* , Q,) ^ i?r c (r 7 °; £ 1 , Q,); («; iff c (Y^ e 2 , Q«) ^ 0; 



THE KONTSEVICH-SOIBELMAN CONJECTURE 



13 



Proof, (i) For notational simplicity, let F denote both constant sheaves Z/£ n Z on 
A^3 a and on A^; an = A 1 — . The comparison theorem for cohomology with 
compact support (2j Thm. 7.1.1] gives an isomorphism of groups 

(11) H^(A d ^,F)^H^(A d ^r,F), 

for any m > 0. Let V = A^f n \ Y°£. By Proposition 5.2.6 (ii) of 2 j (notice that 
Proposition ^. 21 (ii) is the -^-adic version of this result), we have an exact sequence 

(12) 

► iff (V, F) -> H? +1 (Y*£,F) -> H™ +1 (A%? n , F) -> H™ +1 (V, F) —>■••• . 

We shall prove that H™(V, F) = for every m. 

Let us choose an open covering {VJ ieN of V = A^ an \ K^ 1 defined as follows: 

V, := {z 6 A*;™ : 7" 1 < M < 7i}, 

where 7 _1 < 7, < 7^ for every i < j. Choose an analogous open covering {VjjjJ-jgN 
of Vi n Vj for each pair i, Let on and ay; be the open embeddings Vj — > V and 
— > V, respectively. Then the following exact sequence 

a y „ (F v<3 , ) -»• a« (F Vi ) -> Fy -> 

induces a exact sequence 

H™{V l3l ,F) -+ H™(Vi,F) -+ H?(V, F) 0. 

The etale cohomology groups with compact support H™(Viji,F) and H" l (Vi,F) 
clearly vanish for rn > 0, thus H™(V,F) = for m > 0. By (fT2]l . one has 
H™(Afy an ,F) = H™(Y°£,F) for m > 0, which together with (JTTJ implies that 
H^ l (A d ^ s ,F) = H™(Y°'*,F) for rn > 0. Now, since ft is algebraically closed and 
K s is separably closed (for fields of characteristic zero the concepts "algebraically 
closed" and "separably closed" coincide), applying a result of SGA4i [51 Cor. 3.3], 
for m > 0, H™ (A^,F) H™(Aj£.,F). Therefore 

H?(A%,F)S£H?(Yf£,F), m>0, 

hence the ^-adic version, namely, ff™(A^,Q^) = H™(Y°£,Qe) for m > 0. 

(ii) Let us denote by F the constant sheaf Z/f Z, and consider the closed im- 
mersion M(K*) -> X(A^{7 _1 y}) of ^-analytic spaces. By [1 Cor. 4.3.2], there 
is an isomorphism of groups 

H m (M(K s ),F) = H m (M(K s { 1 - 1 y}),F) 

for each m > 0. This leads an isomorphism of groups in the £-adic cohomology. 
Thus using the exact sequence in Proposition 12.21 (ii), we have H c (YS^,Qi) = 0. 

(iii) follows from (i) and (ii). □ 
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4.3. The final step of the proof. The aim of this subsection is to prove the 
following 

(13) RT X „ (A-y,e, Qt) ^ RTx° im « e > Qt)- 

Assume the quasi- isomorphism (|13j) . Then there are quasi-isomorphisms of com- 
plexes, due to Corollary Q~2j (JT3J) , dTDJ) and Lemma l4~3l 

RT c (A d K \R^fi t \ Ail ) ^ projhm (i2T c (A* , Q<)®Jjr(i? e , Q,)) 
^ i?r c (Af 1 , Q £ )(g> proj lim i?T(£> e , 

e-»l 

This together with (j9]) implies Theorem II .21 

To process a proof for (fT3|) . we write J?rx 7 ! (A-,,^, Qf) and RTx° e (A° e ,Qi) in 
the following form: 

RT x ^(A~/,e,Qi) ^ i?/? £ Cone(Q,, A7 5 -> i B ^,A^*®t,B^), 

RT x oJA° je ,Qi) % fl(r- e Uo ie ),Cone(Q <iA o_ e -> i^.^^aoj, 

where A° e := {(x,y,z) G : |x||y = 0} and e := B 7 ^ n£ e . To abuse 
notation we shall use from now on in stead of Q^a., e > Q^.b^ e > Qi,a° or Q^,s° ■ 

Theorem 4.4. W^i/i £/ie previous notation and hypotheses, there is a canonical 
quasi-isomorphism of complexes 

i?j7' e Cone(Q, -> ifl,,.,^,..^) ^ i?(/ 7 ' e U° ie )*Cone(Q, -> ijjo^^,,^). 

Proof. The space Ai, e := {(x,y, z) G A 7i£ : |x||y| 7^ 0} together with A° compos- 
ing a disjoint union of A 7 ^, there exists a canonical exact triangle 

-> i?/7' £ Cone(Q, -> is^^Q*) -> i?/ 7 ' e Cone(Q, -> ia^,^*^) 

(14) i?(r- £ Uo J,Cone(Q, i B o eiA o e ^) 

where / 7 ' e := /^Ia 1 e and -B 7j£ := B 7)£ nA 7e . We are going to verify the following 

(15) i?/7' e Cone(Q, -> iui^^O*) ^ 0. 

Let us consider the action of G- an — on A 1 !- given by t-(x, y, z) — (tx, t~ 1 v, z) 
for t G ^ an ^ 3 an( i ( x 7 V> z ) G B • This G an ^- 3 -action is free, since r • (x, y, z) = 
(x, y, z) if and only if r = 1. Each orbit of the action on A 7 e has the following form 

• (x,y,z) n A\ € = {(rx^-^z) : I'^M < |r| < t^N" 1 } 

for (x, y, z) G A* £ . Also, an orbit of G an ^ s -action on B^ e is of the form 

G l> ■ (*> y> z ) n B 7, £ = *) : M = I'M* 1 } 

for (x, y, z) G c . Furthermore, the G an — action has the following 

Property (*). Every orbit on Aij intersects with A 7 e in a closed annulus C 
and with Br, e m a ffan annulus contained in C . 
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Let V be the space of orbits of G an — action on A"?- . By Lemma 14.51 V 

admits an obvious structure of a if s -analytic space. The property (*) deduces that 
the restriction maps of the natural projection onto V on Az e and on B^ e , say, 
a : Al ( e —> V and b : B^ e — ► V , are surjective. We remark that f 1 ^ and / ' e |si e 
factor through a and b, respectively. Since one has a spectral sequence (the Leray 
spectral sequence, see Berkovich [2, Thm. 5.2.2]) 

H™(P,R m a\Cone(Qi -»• is^A^Qe)) =*■ i?" +m /7' £ Cone(Q £ -y i B i, e ,^, e *Q<), 

it suffices to verify that i£atCone(Q^ — > igi a 1 *Ql) is quasi-isomorphic to 0. Let 
us consider the following exact triangle of complexes on V: 

-> Ra\Qi -> ift^ -> i?aiCone(Q^ -4 i B i e , A i e *Q<)[+l] -> ■ 

Applying the Berkovich's weak base change theorem [2j Thm. 5.3.1], we have 

(R m aiQ e )x = H™(ar 1 (\),Qe), (R m b,Q e )x = H^ l (b~ 1 (X),Qe) 

for A G V and m > 0. The embedding of the thin annulus 6 _1 (A) into the closed 
annulus a _1 (A) inducing an isomorphism on etale cohomology (here since a~ 1 (X) 
and b~ 1 (X) are compact, their etale cohomology and etale cohomology with compact 
support are the same), we obtain (R m a\Qe)\ — (R m b\Qe)\- In other words, for 
A e V and m > 0, 

iT>Cone(Q^ -)• i B ^ c ,A^M)x = 0. 
This prove (fT5")) . which together with (IT41 implies the theorem. □ 

Lemma 4.5. There is a natural structure of an analytic space on the quotient 
V=(A d ± +d2 \{0})xA d JL /G°V.. 

v K*,Ber X 1 S > K",Ber' m > K 

Proof. We endow V with the quotient topology, then obviously it is a compact 
Hausdorff space. The construction of analytic structure on V is analogous to that of 
the projective analytic spaces ¥ d — , where the natural G an — action on A~ 

^ J if s ,Bcr' m,K s _ff s ,Bcr 

is replaced by the G™^ s -action given by r • (x, y, z) — (tx, t~ x v, z), which is also 
free. See [17] for the construction in detail of P/f.Bcr- ^ 

References 

[1] V. Berkovich, Spectral theory and analytic geometry over non-archimedian fields, Mathe- 
matical Surveys and Monograph vol. 33, Amer. Math. Soc, Providence, RI, 1990. 

[2] V. Berkovich, Etale cohomology for non- Archimedean analytic spaces, Publ. Math. Inst. 
Hautes Etud. Sci. 78 (1993), 5-171. 

[3] V. Berkovich, Vanishing cycles for formal schemes, Invent. Math. 115(3) (1994), 539-571. 

[4] V. Berkovich, Vanishing cycles for formal schemes II, Invent. Math. 125(2) (1996), 367- 
390. 

[5] V. Berkovich, Vanishing cycles for non-achimedean analytic spaces, J. Amer. Math. Soc. 
9(4) (1996), 1187-1209. 

[6] P. Deligne et al., Cohomologie etale, Lectures Notes in Math. 569 (1977), Berlin- 
Heidelberg-New York, Springer. 

[7] J. Denef, F. Loeser, Germs of arcs on singular algebraic varieties and motivic integration, 
Invent. Math. 135 (1999), 201-232. 

[8] J. Denef, F. Loeser, Geometry on arc spaces of algebraic varieties, Progr. Math. 201 (2001), 
327-348. 

[9] A. Ducros, Etale cohomology of schemes and analytic spaces, Note de cours de l'ecole d'ete 
de juillet 2010 du projet ANR Espaces de Berkovich. 



16 



LE QUY THUONG 



[10] A. Grothcndicck, J. Dicudonnc, Elements de Geometrie Algebrique: I. Le langage des 

Schemas, Publ. Math. Inst. Hautcs Etud. Sci. 4 (1960), 5-228. 
[11] E. Hmshovski, F. Loeser, Monodromy and the Lefschetz fixed point formula, 

arXiv:1111.1954[math.AG], [math.LO] 8 Nov 2011. 
[12] M. Kontsevich, Y. Soibelman, Stability structures, motivic Donalson-Thomas invariants 

and cluster tranformations, arXiv: 0811.2435vl[math.AG] 16 Nov 2008. 
[13] M. Kontsevich, Y. Soibelman, Motivic Donaldson- Thomas invariants: summary of results, 

arXiv: 0910.4315v2 [math.AG] 7 Feb 2010. 
[14] Le Quy Thuong, On a conjecture of Kontsevich and Soibelman, Algebra & Number Theory 

6 (2012), no. 2, 389-404. 
[15] J. Nicaise, J. Sebag, Motivic Serre invariants, ramification, and the analytic Milnor fiber, 

Invent. Math. 168 (1) (2007), 133173. 
[16] M. Temkin, Desingularization of quasi- excellent schemes in characteristic zero, Adv. Math. 

219 (2008), no. 2, 488-522. 
[17] M. Temkin, Introduction to Berkovich analytic spaces, preprint , 52 pages. 
[18] B. Tocn, Derived Hall algebras, Duke Math. J. 135 (3) (2006), 587-615. 

Institut de Mathematique de Jussieu, UMR 7586 CNRS, 4 place Jussieu, 75005 Paris, 
France (current) 

E-mail address: leqthuongOmath.jussieu.fr 

Department of Mathematics, Vietnam National University, 334 Nguyen Trai Street, 
Hanoi, Vietnam 

E-mail address: thuonglq@vnu.edu.vn 



